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We analyze how imperfections in single-photon detectors impact the characterization of photon- 
pair sources. We perform exact calculations to reveal the effects of multi-pair emissions and of 
noisy, non-unit efficiency, non photon-number resolving detections on the Cauchy-Schwarz param- 
eter, on the second order auto-correlation and cross-correlation functions, and on the visibilities of 
both Hong-Ou-Mandel and Bell-like interferences. We consider sources producing either two-mode 
squeezed states or states with a Poissonian photon distribution. The proposed formulas are useful 
in practice to determine the impacts of multi-pair emissions and dark counts in standard tests used 
in quantum optics. 



I. INTRODUCTION 

Ideally, a single-photon detector is a measurement 
device that perfectly discriminates the photon-number 
states, i.e. a box that produces n clicks when the 
number state \n) comes in. In practice, however, most 
single-photon detectors do not resolve the photon- 
number, they click only once even when they interact 
with a bunch of photons. They are also noisy, meaning 
that they can click even when there is no incoming 
photon. Furthermore, they are often characterized 
by low cfhciencies, especially at telecommunication 
wavelengths. (For a review of the current state of the 
art on single-photon detectors, see 

Photon sources also have their own properties, some- 
times different from what one would like. To know these 
specificities, a battery of tests have been developed in 
quantum optics but most of them assume that efhcient, 
noiseless and photon-number resolving detectors are 
used 0. 

The goal of this paper is to make a detailed investi- 
gation of effects coming from detection imperfections on 
some of these tests. Specifically, we consider a photon- 
pair source producing a two-mode squeezed state 

p,^, = (l-p)eVP'^'^'|00)(00|ev^"^ (1) 

where a and 6 are bosonic operators corresponding to two 
spatial modes and p is the probability of emission. This 
encompasses both spontaneous Raman sources in atomic 
ensembles as well as sources based on spontaneous four 
wave mixing and parametric down conversion. In partic- 
ular for the latter with a pulsed pump, thermal statistics 
can be obtained when the photon pairs are filtered so 
much that the coherence time of each individual photon 
is larger than the pump pulse duration 0-01 • (For spon- 
taneous Raman sources with close to thermal statistics 
see and for spontaneous four wave mixing see Q.) 
In the continuous wave pump regime, a requirement to 
post-select two-mode squeezed states is to use detectors 
with a time resolution shorter than the coherence time of 
single photons [13, El- First, we extend the definitions 



of the Cauchy-Schwarz parameter [ij] in Section IIIII 
and of second order correlation functions [5] in Sections 
IIVI and |V] to the case where inefficient, noisy and non 
photon-number resolving detectors are used. We then 
derive their exact expressions for the state ([1]) in the 
corresponding sections. We further consider the effect 
of these detection imperfections on the visibilities of a 
Hong-Ou-Mandel dip in Section IVIl and of a Bell-like 
interference in Section IVIIl In each section, we recall 
the definition of the quantity under consideration as 
well as the experimental setup used to access it. Before 
the conclusion, we also consider the case of sources 
producing states with a Poissonian photon distribution. 
We believe that the proposed formulas are useful in 
practice to precisely estimate the effects of dark-counts 
and of multi-pair emissions on most of the tests that are 
used for the characterization of photon-pair sources. 



II. MODEL FOR THE DETECTOR 

Let us first start by describing a model associated to 
realistic detectors. More precisely, we are looking for the 
operator corresponding to a photon detector with a non- 
unit efficiency 77, a dark count probability p^c, which does 
not resolve the photon number. A unit-efficiency and 
noise-free non photon-number resolving detector can per- 
fectly discriminate the vacuum state |0) from all the other 
Fock states |n„>i) . Therefore, the corresponding opera- 
tor is naturally given by Pa = 1 — 10)(0| where 1 and |0)(0| 
stands for the identity and the projector on the vacuum, 
respectively (the subscript a is associated to the detected 
mode). To include the dark counts, we apply a phase in- 
sensitive amplifier Ca = e*'^"''^^)''^^^' cosh(G')-''''^' |0c) on 
our mode, c is the amplified vacuum noise and G is re- 
lated to the probability to get a dark count pdc through 
Pdc — tanh^(G). Therefore a noisy non photon- number 
resolving detector is associated with the operator 

C\PaCA = l-{l-p<ic)\m\- (2) 

To account for the non-unit efficiency 77, the mode 
a is sent through a beamsplitter with transmission 
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probability rj. The output modes are labelled a and 
I and the corresponding operator is given by C,, = 

eVO^-^^^^T^^"^" \0i) . Note that this also accounts for 
a detector with an efficiency r/d but preceded by a trans- 
mission channel with a transmission efficiency rjt such 
that rj = rjdrjt. To make it short, an inefficient, noisy and 
non photon-number resolving detector is well modelized 
by the operator 

ba{ri) = ClC\PaCACr, = 1 - (1 - Pdc)(l " vf"- (3) 

To validate our model, consider the Fock state \n) . 
The probability to get a click is {n\ D aiv) W) = 
1 — (1 — Pdc)(l — which can be easily understood as 
one minus the probability to lose all the n photons and 
not to get a dark count. 

With this model in mind, we now analyze the behavior 
of several tests of quantum optics that are used for the 
characterization of photon-pairs with realistic detectors. 
Note that all the detectors involved in a given setup 
are assumed to have the same overall efficiency but the 
generalization to the case where each has a different 
efficiency is straightforward. 



III. CAUCHY-SCHWARZ PARAMETER 

The Cauchy-Schwarz parameter R [1, [T^ is commonly 
used to formally demonstrate that two fields are non- 
classically correlated. Let us first briefly outline the def- 
inition of classical fields. A general two-mode state pab 
always admits a P-representation 



Pab= / d?ad''pP{a,fi)\a,P){a,p\. 



(4) 



where a and /? are complex number and \a), |/3) are co- 
herent states for a and b respectively [T^ . The state pab 
is said to be classical if the quasi-probability distribution 
P(q, (3) is always positive. In this case, the correlation 
functions associated to a and b fulfill 

{a^^a^){br'b^) - ^ ' 

For example, coherent state has R — 1 while a photon- 
number state 1 11) has R — ^ oo. For a two-mode squeezed 
state, R = + (see e.g. Q). The R parameter is 
thus a witness of non-classicality but the measurement of 
the ratio between (a^b^ba)"^ and the product of (a^^a^) 
and (6t &2) 

requires noise-free photon-number resolving 
detectors. So, it is natural to wonder how to define this 
witness of non-classicality with imperfect detectors, i.e. 
to generalize R so that it involves operators compatible 
with our detection model. First, let us recall that ([5]) 
is a consequence of the Cauchy-Schwarz inequality, that 
holds for any two measurable real-functions / and g 



\f9\dfJ- 



< 



g'^dp 



Hence, the mean value 

(: f{a^a)g{b^b) i)^ ^ (tr(p,fc : f{aU)g{b'^b) :))' 

(where by : : we mean the normal ordering), which has 
an integral form given by 

(: f{a^a)g{b^b) i)^ = (^j d^ad^pP{a,P)f{\a\')g{\[3\') 

is bounded by 

d^ad^pP{a,P)f{\a\'') J d'ad^m^^, Mm') 

= (:/2(ata):)(:g2(&t6):) 

for P{a, (i) > 0. This leads to the generalized Cauchy- 
Schwarz inequality 



(:/(ata)g(&t6):)^ 



(:/2(ata):)(:.g2(fet6):) 



< 1. 



(7) 



Note that the inequality ([5]) is a particular case of the 
previous inequality where f{x) = g{x) = x. But let us 
focus on the case where 

/(a^a) = g{aU) = 1 - (1 - Pdc)(l - ^2)"'" (8) 

leading to 

{■.f{a^a)g{b^b):) = {Da{v/2)Db{v/2)) . (9) 
Since the normal ordered form of f{a) a) is given by 

/(ata) = l-(l-pdc):e-''/2'^''^: (10) 
its square is given by 

f{a^a) = l-2(l-pdc)(l-W2)"'" + (l-Pdc)'(l-?7)'^'". 

(11) 

In order to give an explicit expression for i? as a function 
of operators D, it suffices to write p as a function of D. 
To this end, we introduce the da and da modes as the 
output modes of a beamsplitter on which a is sent, c.f. 
Fig. [TJ They are related to a by 



a = —^{d-a + da). 



(12) 



The mean value ((1 — Pdc)(l — »7/2)° is alternatively 
given by ((1 — pdc)(l — riY^d-a^j gjnce the former corre- 
sponds to the detection of the a mode after a 50% trans- 
mission beamsplitter (this is also valid for the term with 

d only). The term ((1 — pdc)^(l ^ ??)" ") involves the 
total number of photons before the beamsplitter and is 
thus equivalent to ((1 — pdc)^(l — 7^)''*''+'^^'^) by energy 
conservation. Hence, {p{a^a)) — {Dd^{r])Dd^{r])) and 
the Cauchy-Schwarz R parameter can be rewritten in an 
experimentally friendly way as 



(6) 



R 



{Da{v/2)Dbiv/2))' 



{DdAri)DdM){D{^l)dMri)d. 



< 1. 



(13) 
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FIG. 1: Setup for the measurement of a Cauchy-Schwarz type 
of witness 7? with imperfect detectors: (1) Coincidence be- 
tween a and 6 with halved efficiency. (2) Product of self cor- 
relations for the two modes a and b. 



This proves that it is not necessary to have noise-free 
photon-number resolving detectors to access a Cauchy- 
Schwarz-type of witness. The corresponding setup is 
usual and is given in Fig. \T\ Note, however, that it 
is necessary to put a beamsplitter on the a and b paths 
to access the correct numerator of 7?. For the state of in- 
terest dH), the calculations of © and of the means value 
of ((ni) leads to (see ^) 



R = 



, (1-Pdc)(l-P) 

' l-p(l->)/2) 



(1-Pdc)"(l-P) 

l-p(l-7)/2)^ 



1 - 2 



(1-Pdc)(l-P) 

l-p(l-77/2) 



(l-Pdo)"(l-p) 

l-p(l-')) 



(14) 




FIG. 2: Cauchy-Schwarz parameter R p4|l for a two-mode 
squeezed state as a function of the emission probability p for 
dark count probability (i) Pdc ~ 10~® (full line) (ii) Pdc = 
10"^ (dashed line) and (iii) Pdc = 10"* (dotted line). The 
dashed-dotted line is the ideal R for a two-mode squeezed 
state. The overall detection efficiency is fixed at r; = 10~^. 



IV. AUTO-CORRELATION FUNCTION 

The second-order zero-time autocorrelation function 
g^-^^ is a witness of non-classicality for single-mode fields. 
Consider a single-mode field, described say by the state 
Pa- It is said classical if the quasi-probability distribution 
P{a) such that 



Pa = / d^aP{a)\a){a\ 



(16) 



Note that R is always larger than 1 in the ideal case where 
T] — I — Pdc = 1. In practice, we are usually interested in 
the first order development in rj and pdc 



R: 



l + (-^-^)(l-2i^) 



(15) 



where Ua = is the mean number of photons for the 
mode a, c.f. below. Under the reasonable assumption 
2pdc < V^a, non-classical correlations can be observed 
as soon as rpia < 2. Fig. [2] shows several values of 
i? as a function of the probability of emission p for 
fixed detection efficiency 77 and for various values of the 
dark count probability p^c- Note that for the typical 
experimental values p ~ 0.1, pdc = 10^®, ij = 10^^, R is 
about 30. (Note that rj is the overall detection efficiency. 
For other experimental values, we invite the reader to 
use the formula ([H]).) However, in contrast to the ideal 

case (perfect detections) where R = ^ (^l + , there 

is an optimal value Popt 7^ that maximizes (|14p for a 
given detector {77,Pdc}- One finds that Popt ~ — ■ In our 



is always positive. In this case, the corresponding ga 
function, defined as 



(2) 



9 a 



(2) _ 



(at2a2) 
(ata)2 ■ 



(17) 



is larger (or equal) than 1. For example, coherent light 

(2) (2) 
has ga — 1, thermal light has ga — 2 while a single- 
photon number state has g^^ =0 0. However, how 
can one access such a witness with imperfect detectors? 
By setting g{b^b) = 1 in the calculation developed in 
the previous section, one immediately finds the following 
generalized inequality for classical single-mode fields 



,(2) {-.fia'a):) 



In the specific case 



5?' 



,:/(ata):)2 
J, this leads to 

{DdMDdM) 
(Daiv/W 



> 1. 



(18) 



(19) 



Hence, it is not necessary to have noise-free photon- 

(2) 



example, this translates into Popt ~ lO^'* which gives number resolving detectors to access 5^ ^-like function. 

When imperfect detectors are used, g^^ has to be mea- 
sured by sending the state pa onto a beamsplitter and 
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~7\ 



(2) 



FIG. 3: Setup for the measurement of an auto-correlation 
type of function g^2^ for a non-conditioned field (|20|) : (1) 
Singles associated to the mode a with a halved efficiency 
{{Da{ri/2))). (2) Coincidence between the two detectors da 
andd„ ((Z3d(r?)i?d(r?)». 



by taking the ratio between the number of two-fold co- 
incidences and the number of singles squared after the 
beamsplitter, as shown in Fig. |31 

Consider first one of the two individual modes of the 
two-mode squeezed state 

+00 

Pa = trtpab = (1 -p) ^p"|n)(n| = iVaPab = Pb- (20) 



Using the results presented in the previous section, one 
finds for the specific state ((20)) 



1 _ (1-Pdc)(l-P) , (1-Pdc)''(l-P) 

^ ^ l-p(l-r,/2) + l-pil-n) 



1 



(l~Pdc)(l-p) 

l-p(l->)/2) 



(21) 



Note that the mean number of photons in the state pa is 
"■a = (which is well approximated by p, if the later 

is small). Developing g^"^^ in Taylor series for pdc leads 
to the simple expression 



5P)= 2- 



■qria 



1 



ma 



1 - 2 



0[pdc 



(22) 



For the typical experimental values p = 0.1, pdc — 10^®, 
rj = 10~^, the auto-correlation function ^'^^ is about 
1.996, i.e. very close to the expected value with ideal 
detections. Fig. |4] shows that the auto-correlation func- 
tion is about 2 as long as the detector noise is small 
Pdc ^ 10~^ and negligible with respect to the signal 
(« prj). When the noise dominates, the auto-correaltion 
function is reduced to 1 as expected from uncorrelated 
noises. 

It is also interesting to evaluate the auto-correlation 
function of the conditioned field Pa\bi i-e. the field 
describing the mode a when the twin mode b is de- 
tected iigIi. 



Pa\b = — trfc (Db{rii)pab) 

^^aPa\b ^ ' 



(23) 
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FIG. 4: Auto-correlation function for the non-conditioned 
field (I20|l as a function of the emission probability p for dark 
count probability (i) pdc = 10~^ (full line) (ii) pdc = 10~^ 
(dashed fine) and (iii) pdc ~ 10~* (dotted line). The overall 
detection efficiency is fixed at = 10~^. The auto-correlation 
function of a thermal state is expected to be equal to 2 in the 
ideal case (dashed-dotted line). 




FIG. 



5: Auto-correlation function cP"), for the conditioned 
state (|23|l as a function of the emission probability p for dark 
count probability (i) pdc = 10~® (full line) (ii) pdc ~ 10~^ 
(dashed line) and (iii) pdc ~ 10~* (dotted line). The dashed- 
dotted line is the non-classical threshold. The overall detec- 
tion efficiency is fixed at 77 = 10~^. 



with 'V!:aPa\b = 1 ^ ^^i-p(i-t))^'' ^^"^ auto-correlation 



function is given by 



~(2) _ 1 - 2(1 - pdc)C(l - r;/2) + (1 - Pdc)'C(l - ri) 

9a\b — 



(l-(l-pdc)C(l-'7/2))' 



where 



(24) 



C(,) = -±- ( IziL _ ■ (25) 



tTaPalb - PX l-p{l-ri)x 



Fig. [S] shows that reveals the non-classicality of 
the conditioned field provided that p is small enough 
and that the signal prj dominates over the noise pdc- It 
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(1) ^ 



FIG. 6: Setup for the measurement of the cross-correlation 
function g^^': (1) Two-fold coincidence measurement. (2) 
Measurements of the individual singles. 



(2) 

also appears that for fixed {77,pdc}, is minimized for 



Popt = For example, for pdc 
one gets = IQ-^ for p.^^ 



: 10"^ and r] = 10" 




FIG. 7; Cross-correlation function g^^^ for a two-mode 
squeezed state as a function of the emission probability p 
for dark count probability (i) pdc = 10~^ (full line) (ii) 
Pdc = 10~^ (dashed line) and (iii) pdc ~ 10~* (dotted line). 
The overall detection efficiency is fixed at 77 = 10~^. The 
dashed-dotted line gives the cross-correlation function that 
would be ideally obtained for a two-mode squeezed state 
sit' = 1 + ? (see e.g. M)- 



V. CROSS-CORRELATION FUNCTION 

The second order cross-correlation function, defined 
ideally as 



(2) 

9ab = 



(ata)(6t6)' 



(26) 



is exploited to get information about the photon-number 
distribution of a two-mode field. From its ideal definition, 
the cross-correlation function can in principle be directly 
deduced from R and g^^^ using 



(2) 
Tab 



R (2) 



(27) 



However, when one uses non photon-number resolving 
detectors, we have seen that the measurement of mean 
values of the form (a^^a^) requires a beamsplitter and 
two detectors. The beamsplitter cannot be removed 
for the measurements of both (a^b^ba) or (a^a) when 
one wants to determine the Cauchy-Schwarz parameter 
and the auto-correlation function, respectively. But the 
beamsplitter is not necessary for the measurement of 

since it does not involve terms of the form {a^^a^). g^^^ is 
merely measured by placing one detector on each of the 
paths a and h from the ratio between the two-fold coinci- 
dences and the product of singles, c.f. Fig. [6) Therefore 



~(2) 
9ab 



{Da{r^)Db{v)) 
{DMiDbiv})' 



which leads to 



~(2) 
9ab 



o (l-Pdo)(l-p) 

^ l-p(l-r,) 



+ 



(1-Pdc)"(l--P) 
l-p(l-'7)" 



(l~Pdc)(l-p) 
l-p{l-rj) 



(28) 



(29) 



for the state ((T]). Note that for pdc = 0, the previous 
expression takes a very simple form 



-(2) 
9ab = 



1 

1 + - 
P 



1-p 



1 -p{l-r]y 



(30) 



Further note that for p — 0.1, pdc — 10 ^, 77 = 10 ^, 
one finds 5^^' f« 11. However, Fig. [7] shows that there is 
an optimal value Popt ~ ^ for given {?7,pdc}- For the 



previous example, Popt ~ 10 leading to 5^' 



b, max 



2500. 



VI. HONG-OU-MANDEL INTERFERENCE 

When two indistinguishable photons coming from the 
same source (or from two different sources but in pure 
states, see the exhaustive list of the corresponding ref- 
erences in [1^) enter a 50:50 beamsplitter, one in each 
input port, they coalesce. Therefore, when two photode- 
tectors monitor the output of the beamsplitter as a func- 
tion of the delay between the two input photons, the co- 
incidence rate of the detectors drop to zero when the two 
photons arrived at the same time at the beamsplitter. 
This is known as the Hong-Ou-Mandel (HOM) interfer- 
ence [l3|. The visibility of this interference can be used 
to determine the indistinguishability in all the degrees 
of freedom of two photons produced by the same source. 
But how do detection imperfections modify the visibility 
of a Hong-Ou-Mandel interference? We consider the ex- 
periment drawn in Fig. [5] and we start with the state (fT|). 
When the modes a and b follow optical paths with the 
same length, they arrive at the same time at the beam- 
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de,di de,di 




FIG. 8: Measurement of the Hong-Ou-Mandel interference: 
(1) The optical path are the same, the photons bunch. (2) 
One path is delayed, the two photons leads to independent 
modes. 



splitter and give two modes d and d defined as 



1 



a = -j={d + d), 



h^-j={d-d), 



after the beamsplitter, 
splitter is \^dip) 



The state after the beam- 



the probability of twofold coincidences is given by 
{4'dip \ Dd(ji)Dg^{'q) \'4>dip) ■ In the scenario where a follows 
a longer optical path than 6, they do not arrive simul- 
taneously at the beamsplitter and lead to four output 
modes 



1 



{di + dt), 



4), 



\'^out) = 

subscript e 



after the beamsplitter, yielding 

and i stand for early and late. In this case, each detector 
accounts for two temporal modes and the corresponding 
operator has to be modified in such a way that an 
overall detection event corresponds to "at least a single 
click for one of the two modes d^ or d/." More formally, 
the probability for a coincidence is calculated from 
ii^outl Dd,,dt{v)Dd^,d,{v) \ipout) where 



dc,d. 



iv) 



(31) 



Note that in this case, the noise term is not squared since 
the dark count probability is given for the detection gate, 
which is unchanged. As usual, the visibility is given by 
the ratio between the depth of the dip and the maximal 
coincidence rate 



Vhom — 



(?Ao«t| ^de,<if^d,,df li'out) - {ipdipl DdDd I'^dip) 



Dd.AeDd^di, 



(32) 




FIG. 9: Visibility Vhom of the Hong-Ou-Mandel interference 
for a two-mode squeezed state as a function of the emission 
probability p for dark count probability (i) pdc ~ 10~^ (full 
line) (ii) pdc = 10~^ (dashed line) and (iii) pdc = 10"'' (dotted 
line). The overall detection efficiency is fixed at ry = 10~^. 



After some algebra, one finds 



Vhom 



2(1 - Pdc 



i-p 



l-p(l-r,/2)^ 



1 



o (l-Pdc)(l-p) 

^l-p(l-V2)2 



(1-Pdc)"(l-P) 



(33) 



Disregarding the dark counts (pdc — 0) and developing 
the last expression in first order with respect to 77, one 
has 



^HOM 



1+P 2p 
1 + 3p (1 + Sp)' 



(34) 



For the typical values p — 0.1, pdc = 10"^, rj = 10"^, 
Vhom is about 0.85. Fig. ^ shows the behavior of 
Vhom as a function of p for various detection noise. The 
maximal value is obtained when p 1 and prj ^ pdc • In 
our example, Vhom, max ~ 0.98 for p « 10"^. 



VII. BELL INTERFERENCE 

Bell inequalities have initially been proposed to test 
quantum non-locality. However, all non-local states are 
entangled. Therefore, a Bell test can also be used as a 
witness of entanglement. Let us recall the principle of 
a Bell interference. Two distant persons, Alice, located 
at the location A, Bob at B, share a quantum state pat- 
Alice chooses one setting among {(Jx,az} while Bob ro- 
tates his basis measurement in the (xz) plan. They then 
record the number of coincidences as a function of the 
angle between Alice's and Bob's settings for each of Al- 
ice's measurements. The only state that can produce a 
visibility of 100% is a two-partite maximally-entangled 
state. Under the assumption that the state is a mixture 
between a maximally entangled state and white noise, 
one can conclude about the presence of entanglement 
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FIG. 10: Measurement of the Bell interference: (1) Alice and 
Bob measure in maximally correlated bases. (2) Alice and 
Bob measure in minimally correlated bases. 




with the Clauser-Horne-Shimony-Holt inequality 14] if 
the average visibility is larger than l/-\/2. But what is 
the visibihty resulting from a Bell interference from a 
source producing say, polarization-entangled pairs, 



(35) 



and characterized with imperfect detectors? The setup is 
given in Fig. [TOl Consider the case where Alice chooses 
az and focuses on the clicks she gets along the horizon- 
tal polarization. The maximal number of coincidences 
between Alice's and Bob's detector is obtained from 

while the minimal number of coincidences is given by 

The visibility of the interference is given by 



Afc _ ]\rc 
Afc I Mc 



(36) 



(l-Pdc)''(l- 

l-p(l-'7)" 



2-4 



(1-Pdc)(l-P) 



(l-Pdo)"(l-p) 

l-p(l-'?)^ 



(1-Pd,)^(l-P)^ 



Again, if we disregard the dark counts (pdc 
expression reduces to 



Vint, = 



1-p 



1+p- 2p2(l - 7^)5 



0), this 



(37) 



For the typical values p = 0.1, pdc — 10~^, rj = 10~^, 
V^nt is about 0.83. Fig. [11] shows the behavior of 
Vent as a function of p. This behavior is similar to the 
one of Vhom- In particular, the maximal value is also 
obtained when p ^ 1 and prj ^ p^c- In our example, 

V^cnt, max ~ 0.98 for Popt ~ 10"^. 



VIII. MULTIMODE CASE 

So far, we have considered the case where the source 
produces two-mode squeezed states. However, when the 



FIG. 11: Visibility Vent of Bell-type interference for the state 
psp as a function of the emission probability p for dark count 
probability (i) pdc = 10"'' (full line) (ii) pdc = lO"'^ (dashed 
line) and (iii) pdc = 10"* (dotted line). The overall detection 
efficiency is fixed at 77 = 10~^. 

generated photons are not strongly filtered, the duration 
time of the pump field can be longer than the coherence 
time of individual photons (for spontaneous parametric 
down conversion see e.g . I19l -l2l|. for spontaneous four 
wave mixing see e.g. [23 - l27| ). In this case, the created 
pairs are well described by 

= VPE^=iat&+ 



p1 



(1-p) 



.VPE„=ia„f)„ 



(38) 



where V is the number of modes corresponding to the 
ratio of coherence times between the pump and the pho- 
tons. We introduced the emission probability p such that 
the average number of photons is given by Nj^. If one 
wants to compare the results for the thermal and Poisso- 
nian photon distributions, the average number of photons 
has to be identical, that is p — jv-pfjv-i) • ^ detector 
corresponding to 



one finds 13011 



(l-Pdc)(l-r,) 



(39) 



1 



~(2) 



(1-Pdc)(l-P)^ 

^(l-p(l~V2))^ 



(1-Pdc)"(l-P)" 
(l-p(l-^/2)2)" 



1 - 2 



(1-Pdc)(l-P)" 



(l_p(l_^/2))' 

l-2i 



(1-Pdc)''(l-P)" 

(l_p(l-r,))" 



'(l-p(l-r,/2))' 



Furthermore, 



C(^) 



One also finds 



1 



1-p 

1—px 



(1-Pdc)(l-P)^ 

{i-p{i-n/2)y 



is still given by ([M)) but with 



N 



(1-Pdc)(l- 



(1-Pdc)(l-Pr 



~(2) 



1-2- 



(l-p(l-r,)2)" 



(1-Pdc)(l-P)'' 

(l-p(l-,,))" 
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N 



and conditioned states, the cross-correlation function, 
the visibihty of the Hong-Ou-Mandel dip and the visibil- 
ity of Bell- like interference respectively, when inefficient, 

^HOM ^ yv^ p'^^ 'D J V 111^) J J noisy and non photon-number detections are performed 

' (i-Pdc)(i-p)^ _l_ (i-pdc)^(i-p)" ' on two-modes squeezed states. They are exact in the 



2(1 -Pdc) {^l-p(i%)i) ~ (l-p(l-^/2)^ 



sense that they are valid even for large probabilities of 
emissions. The previous section extend all these formulas 
in the case of a multimode emission. We believe that all 

Vent — I — — — ^ -^^7 — ^^-'i — .^2N 1 ^ these formulas will be useful for the experimentalists who 

■Pi'^-vV) (1 - - '?)) / wants to know the effect of detector noise and of multi- 

1 pair emissions on the tests they used to characterize their 



Pdc)2(l-p)^ (l-pdc)2(l-p)2^ 



o A (i-Pdc)(i-p)" , (i-Pdo)^(i-p)" I (i-Pdc)^(i-p)''" ■ pair sources. 

^ ~" ^~ — ~ mT^" 1 7i — I7i — ITJvN 1 n — I7i — — 



(l-pCl-r?))" ' (1-P(1-'?)^)" ' {l-pil-ri)r 



IX. CONCLUSION 

We have analyzed how imperfections in single-photon 
detectors impact the characterization of photon-pair 
sources.The formulas dH]), §^ and 

pop give the Cauchy-Schwarz parameter, the second- 
order auto-correlation function for both non-conditioned 
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H36p . one needs the following relations where pa^bn is given from the Eq. [TJ by replacing a, h by 

an, bn and p by p. Similarly 



tr{pax''^'') = (1 - p) ^ P^x" = - 



1-p 



px 



trfo kx"^ - ri - b1 V - ^ 



(2n)! „ 2„ _ 1 tr(p^6a;^ 



n>0 



[30] The extension of our calculations to states of the form 
()38|) is easy if ones notes that 

N \ t / 1 " ^ "'^ 

tr(p^6a;^"=o''"''") = n^^otrpa^ft^x"""" = ( ^ 

\1 — px 



1 - \ N 
1-P 



